Abstract. The Ando-Choi-Effros lifting theorem provides conditions under which a bounded linear mapping taking values in a quotient space can be lifted through the quotient map. We prove two versions of said theorem for regular maps between Banach lattices. Our conditions mirror the classical ones, but additionally taking into account the order structure.
Introduction
Given a bounded linear map T : Y → X/J taking values in a quotient space, it is not always possible to find a lifting of T to X: that is, a bounded linear map L : Y → X such that q • L = T where q : X → X/J is the canonical quotient map. The classical Ando-ChoiEffros theorem [And75, CE77] provides conditions under which such a lifting is guaranteed to exist. The first condition is for the space Y to be separable and have the bounded approximation property: recall that a Banach space is said to have the approximation property (AP) if the identity operator can be uniformly approximated on compact subsets by operators of finite rank, and is said to have the λ-bounded approximation property (λ-BAP) if these finite-rank operators can be chosen to have norm at most λ. The second condition is geometric in nature, and requires J to sit inside X is a particular way which generalizes how a closed two-sided ideal sits inside a C * -algebra; the technical name is that J is an M -ideal in X.
The Ando-Choi-Effros theorem is an abstract generalization of several well-known extension results, and thus has them as corollaries, including those of Borsuk-Dugundji [Bor33, Dug51] , and Michael-Pe lczyński [MP67] . More recently, the Ando-Choi-Effros theorem has played a recurrent role in the study of approximation properties for Lipschitz-free spaces, see for example [GO14, God15a, BM12, CD17] and the survey [God15b] . The reader is referred to [HWW93, Sec. II.6] for a more detailed historical account of the results that both preceded and followed the Ando-Choi-Effros theorem.
The first of the two main results of this paper (Theorem 6.1) is a lifting theorem in the Ando-Choi-Effros vein in the context of Banach lattices, where the initial map T is regular (i.e. it is a difference of two positive maps) and the lifting can be chosen to be regular as well. Our conditions mirror the classical ones: Y will be assumed to have the λ-bounded positive approximation property (λ-BPAP), a version of the λ-BAP where the finite-rank approximations are taken to be positive operators, and the M -ideal condition is similarly replaced by a version that "plays well with the order" (see Definition 3.1).
Lifting theorems in the Ando-Choi-Effros style for Banach spaces with an order have been proved by Ando [And73, Thm. 6] and Vesterstrøm [Ves73, Thm. 9 ], though our approach is different in several ways. First, the approximation properties considered by both Ando and Vesterstrøm require the finite-rank approximations to be projections, whereas ours do not. We require only the bounded positive approximation property, which Vesterstrøm mentions as desirable in [Ves73, Remark, p. 210] . It should be mentioned that a related result requiring this weaker hypothesis of the bounded positive approximation property was achieved shortly thereafter by Andersen [And74, Thm. 5]. However, Andersen's conditions differ from ours in another sense: though stated in a different way, in the language of Banach lattices his result requires the existence of a strong order unit. Moreover, the main difference between our results and the previous ones is the fact that we are considering regular maps T and obtaining extensions whose regular norm is controlled. As far as we can tell, this is the first time that Ando-Choi-Effros liftings have been considered for regular maps.
There is a second version of the Ando-Choi-Effros Theorem, where the approximation properties on the domain space Y are replaced by the condition that J is an L 1 -predual. In the proof, the key property of L 1 -preduals that is used is the fact that their biduals are injective Banach spaces. In the Banach lattice setting we prove a corresponding result on Ando-Choi-Effros extensions for regular maps (Theorem 7.2), where the domain space is assumed to be a Banach lattice whose bidual is injective as a Banach lattice; such lattices have been characterized by Cartwright [Car75] .
Our proofs are inspired by the typical techniques used for proving results of this sort, which can be described as a careful process of gluing together finite-dimensional pieces. This will cause significant issues for us, since in a Banach lattice a finite-dimensional subspace is not always contained in a finite-dimensional sublattice. Therefore we will be requiring suitable technical conditions (namely, that the lattice be Dedekind complete), so that finitedimensional subspaces will be guaranteed to 'almost' be contained in finite-dimensional sublattices (see Lemma 5.3).
The rest of this paper is organized as follows. In Section 2 we introduce notation and some preliminary results on Banach spaces and lattices. In Section 3 we recall a notion of M -ideal well-suited for the lattice setting. The short Section 4 presents a version of the Principle of Local Reflexivity for lattices in the style of [Dea73] . Section 5 contains various technical results that will be used in the proof of the main results, which are proved in Sections 6 and 7.
Notation and preliminaries
We will consider only real normed spaces. The (topological) dual of a normed space X will be denoted by X * . Recall that if X is a Banach space, a linear projection P : X → X is called an M -projection (resp. L-projection) if for all x ∈ X we have x = max{ P x , x − P x } (resp. x = P x + x − P x ). A closed subspace J ⊂ X is called an M -summand (resp. L-summand) if it is the range of an M -projection (resp. L-projection), and it is called an M -ideal if J ⊥ is an L-summand in X * . For the general theory of M -ideals in Banach spaces, we refer the reader to the monograph [HWW93] .
We will use standard notation for vector and Banach lattices and their theory, as in the books [AB06, MN91, Sch74] . Given an ordered vector space X, we write X + for its positive cone. By a vector sublattice of a vector lattice X we mean a linear subspace of X closed under the lattice operations. An order ideal of X is a vector sublattice Y that additionally is solid, that is, whenever y ∈ Y and |x| ≤ y, we have x ∈ Y . A vector lattice is called Dedekind complete if every nonempty subset bounded above has a supremum.
Let X and Y be Banach lattices. An linear operator T : X → Y is positive when T x ≥ 0 for each x ∈ X + . We denote the set of positive operators between X and Y by L + (X, Y ). We write L r (X, Y ) for the Banach space of all regular operators (i.e., operators that can be written as the difference of two positive linear maps) from X to Y , endowed with the norm
Note that this makes sense more generally for normed vector lattices, not necessarily complete. In general, L r (X, Y ) need not be a lattice. If sup{|T y| : |y| ≤ x} exists for every x ∈ X + then |T | exists and, for every x ∈ X + , one has that |T |(x) = sup{|T y| : |y| ≤ x}. This is the case, for instance, if T is finite-rank or if Y is Dedekind complete. If Y is Dedekind complete then L r (X, Y ) is a Banach lattice and T r = |T | for each T ∈ L r (X, Y ). Since X * = L r (X, R) and R is Dedekind complete, the dual of a Banach lattice X is always a Dedekind complete Banach lattice. A linear operator T : X → Y is called almost interval preserving if for every x ∈ X + we have that
If E and F are Banach lattices, the projective cone
The Fremlin tensor product (also known as positive projective tensor product) [Fre74, Lab04] of E and F , denoted E ⊗ |π| F , is the completion of the algebraic tensor product E ⊗ F with respect to the norm
This space, with the order given by the closure of C p with respect to · |π| becomes a Banach lattice. Moreover, the dual of E ⊗ |π| F can be canonically identified with L r (E, F * ): the mapping Ψ : L r (E, F * ) → (E ⊗ |π| F ) * defined by (ΨT )(x ⊗ y) = (T x)(y) for x ∈ E and y ∈ F is an isometric isomorphism of Banach lattices.
F 2 ) and additionally T 1 ⊗ T 2 ≤ T 1 · T 2 . Moreover, the "projectivity" of the |π| tensor norm means the following [Lab04, Thm. 5.2]: If E 0 ⊂ E, F are Banach lattices and q : E → E 0 is almost interval preserving and a metric surjection, then so is q ⊗ Id
If X is a Banach lattice, recall that a projection P : X → X is an order projection (that is, the positive projection associated to a projection band) if and only if 0 ≤ P ≤ Id X , see [AB06, Thm. 1.44].
A Banach lattice X is said to have the λ-bounded positive approximation property (λ-BPAP, for short) if for every finite set K ⊂ X and every ε > 0 there exists a finite-rank positive operator T : X → X such that T ≤ λ and x − T x ≤ ε for all x ∈ K. By standard arguments, this is equivalent to the following: for every finite-dimensional subspace E of X and every ε > 0, there exists a finite-rank positive operator T : X → X such that T ≤ λ and (T − Id)| E ≤ ε. See [Bla16] for the closely related notion of the λ-bounded lattice approximation property, where the norm requirement on the map T is replaced by T r ≤ λ. We write X ∼ = Y to indicate that X and Y are isometrically isomorphic Banach spaces, and X ≡ Y to indicate that there exists an isometric lattice isomorphism from X onto Y .
Order M -ideals
In order to prove our version of the Ando-Choi-Effros theorem for Banach lattices, we need a notion of M -ideals specific to this setting. If X is a Banach lattice, an order Mprojection (resp. order L-projection) is an M -projection (resp. L-projection) which is also an order projection. Essentially the same concept has been already considered by Haydon [Hay77, Def. 3A] and by Ando [And73, Sec. 3] (who uses the term hypostrict). Thus, we define:
Note that, in particular, an order M -ideal is an M -ideal. The following theorem shows that an order ideal which is also an M -ideal is automatically an order M -ideal.
Theorem 3.2. Let X be a Banach lattice and let J ⊆ X be both an order ideal and an M -ideal. Then the L-projection P from X * onto J ⊥ is an order projection.
From the proof of [HWW93, Thm. I.2.2] it follows that each x * ∈ X * can be written in a unique way as x * = u * + v * with u * ∈ J ⊥ and v * ∈ J # , and moreover the map P 1 :
Since J is an order ideal, J ⊥ is a band in the Dedekind complete Banach lattice X * . Therefore, X * = J ⊥ ⊕ (J ⊥ ) d holds, and in particular there exists a contractive projection
The following example of an order M -ideal corresponds to one of the most important classical examples of M -ideals.
Proposition 3.3. Let X be a Banach lattice, and (E n ) a sequence of sublattices of X.
Proof. It is easy to see that c 0 (E n ) is an order ideal in c(E n ). Moreover, it is well-known 
Therefore, for each x ∈ X we have
By the remark on [HWW93, p. 2], this implies thatP is an M -projection on L r (X, Y ). 
Local reflexivity for lattices,à la Dean
Dean's version of the Principle of Local Reflexivity [Dea73] asserts that when E and X are Banach spaces with E finite-dimensional, then L(E; X) * * ∼ = L(E; X * * ) with the identification given by
We will need a version of this identity for Banach lattices, which is probably folklore but we have been unable to find it explicitly stated in the literature.
Proposition 4.1. Let E and X be Banach lattices and suppose E is finite-dimensional. Then L r (E, X) * * ≡ L r (E, X * * ), with the identification given by (4.1)
Proof. From [Bla16, Lemma 3.4] we have that L r (E, X) * ≡ E ⊗ |π| X * . Taking the dual, the desired result follows from the basic properties of the projective Fremlin tensor product (i.e. identifying its dual with a space of regular operators, see Section 2).
Some preparatory results
In this section we collect various preparatory technical results that will be used in the prof of our first main theorem. Our approach is inspired by that of Choi and Effros in [CE77] . The following is a Banach lattice version of [CE77, Lemma 2.4], and is sort of a dual version of Theorem 3.4. 
is an isometry onto its range. If additionally Y 0 is an order L-summand in Y and P is its associated order L-projection, then the range of Id X ⊗ ι is an order L-summand in X ⊗ |π| Y with associated L-projection Id X ⊗ P .
Proof. Notice that both
are positive contractions, because so are Id X , P and ι. Since (Id X ⊗ P )(Id X ⊗ ι) = Id X ⊗ Id Y 0 , it follows that Id X ⊗ ι is an isometry onto its range, and X ⊗ |π| Y 0 can be regarded as a subspace of X ⊗ |π| Y .
Now assume additionally that P is an order L-projection. Let u ∈ X ⊗ Y , and let x j ∈ X + , y j ∈ Y + satisfy x j ⊗ y j ± u ∈ C p , where C p ⊂ X ⊗ Y is the projective cone. Note that since both P and Id Y − P are positive, we have
Therefore,
and hence
The following is a lattice version of [CE77, Lemma 2.5]. It states that if we restrict our attention to finite-dimensional domains, and we start with a map which is almost a lifting on a vector sublattice, we can obtain an actual lifting on the entire domain by doing a small perturbation (and we have control on the size of the perturbation). A bit of notation: if K is a convex subset of a topological vector space containing 0, we denote by Aff 0 (K) the Banach subspace of affine functions in C(K) vanishing at 0. If X is a Banach space and K is the unit ball of X * endowed with the weak * topology, then there is a natural isometry X ∼ = Aff 0 (K).
Lemma 5.2. Suppose that J is an order M -ideal in a Banach lattice X. Let F ⊆ E be finite-dimensional Banach lattices, and let T : E → X/J be a regular map with T r ≤ 1.
Proof. Let ι : F → E be the inclusion map. Consider the commutative diagram
Taking adjoints, using the identification from [Bla16, Lemma 3.4]
Since q * : (X/J) * → X * is an isometric lattice isomorphism onto a sublattice of X * which is positively 1-complemented, it follows from Lemma 5.1 that both vertical arrows in the diagram (5.2) are isometric lattice isomorphisms onto their images. Let K (resp.D) be the closed unit ball in E ⊗ |π| X * (resp. F ⊗ |π| X * ), and let D = (ι ⊗ Id X * )D. SinceD is weak * -compact and ι⊗ Id X * is weak * -to-weak * continuous, we see that D is a weak * -closed, convex, symmetric subset of K.
Let P : X * → X * be the L-projection onto J ⊥ , and let
because the range of q * is precisely J ⊥ .
Let H = K ∩ W ; recalling that the vertical arrows in (5.2) are isometries onto their images, observe that we can identify H with the closed unit ball of E ⊗ |π| (X/J) * and similarly we can identify the closed unit ball of F ⊗ |π| (X/J) * withD ∩W .
We have
Consider the commutative diagram of inclusion maps
and observe that the diagram (5.1) can be identified with the diagram of restriction maps Let us now reinterpret the hypotheses in terms of the diagram (5.5). We are given a ∈ Aff 0 (H) with a ≤ 1 (corresponding to T ) and b ∈ Aff 0 (K) with
It is well-known that in general, a finite-dimensional subspace of a Banach lattice is not necessarily contained in a finite-dimensional vector sublattice. However, under suitable completeness assumptions this can almost be achieved: any finite-dimensional subspace can be placed inside a finite-dimensional vector sublattice by "moving it a little bit" using a linear operator (see, e.g. [Bla16, Prop. 2.1]). The following is a variation on a lemma of this type due to Lissitsin and Oja [LO11, Lemma 5.5], where the linear operator has extra structure.
Lemma 5.3. Let F be a finite-dimensional subspace of a Dedekind complete Banach lattice X and let ε > 0. Then there exist a sublattice Z of X containing F , a finitedimensional sublattice G of Z, and a lattice-homomorphic projection P from Z onto G such that (P − Id)| F ≤ ε. If F contains a vector sublattice A of X, we can additionally arrange to have (P − Id)| A r ≤ ε.
Proof. The statement in [LO11] asks for X to be order continuous, but the proof only requires Dedekind completeness as can be seen in the proof of the related result [Bla16, Lemma 2.4]. Additionally [LO11, Lemma 5.5] only has P being a positive projection, but it is clear from their proof that P is also a lattice homomorphism. The only other thing missing in [LO11] is the small regular norm, which follows from [Bla16, Lemma 2.4].
The next preparatory lemma will allow us to define a regular map on a Banach lattice in a step-by-step fashion, by defining it on larger and larger vector sublattices. As with Proposition 4.1, this might be folklore but we have been unable to locate a reference. Proof. For simplicity, let us define T n = T | Yn : Y n → Z. Notice that T uniquely extends to a continuousT : Y → Z, so we only need to check thatT has regular norm at most one. Since Z is Dedekind complete, the regularity of a Z-valued map is equivalent to it being order bounded or having a modulus, see [Sch74, Prop. IV.1.2].
Let x ∈ Y + , and let ε > 0 be given. Set x 0 = x. Assuming x k ∈ Y + has been chosen, find n k ∈ N and x ′ k ∈ (Y n k ) + such that x k − x ′ k < ε/2 k+1 , and set x k+1 = |x k − x ′ k |. Observe that both of the series
converge absolutely, since for any k we have x k+1 < ε/2 k+1 and
Now let y ∈ Y such that 0 ≤ y ≤ x. Set y 0 = y, and assume 0 ≤ y k ≤ x k has been chosen. 
Observe that the series ∞ k=1 y ′ k also converges absolutely, since for any k we have
where the last series converges absolutely because all the operators |T n k | are contractions.
This shows thatT is order bounded, and since Z is Dedekind complete,T has a modulus and is therefore regular. Moreover, the above calculations show that for x ∈ Y + we have |T |x ≤ x + ε and therefore T r = |T | ≤ 1.
Ando-Choi-Effros liftings for regular maps under the BPAP
We are now ready to prove our first Ando-Choi-Effros lifting theorem for regular maps between Banach lattices. The argument is similar to that of [CE77, Thm. 2.6] (which in turn was inspired by [And74, Prop. 5]), but it is significantly more involved due to the aforementioned fact that a finite-dimensional subspace of a Banach lattice is not necessarily contained in a finite-dimensional vector sublattice. This is also why we are using [CE77, Thm. 2.6] as a model, instead of a cleaner proof such as that of [HWW93, Thm. II.2.1]: the "wiggle" factor coming from Lemma 5.3 appears to render those cleaner arguments inaccessible.
Theorem 6.1. Suppose that J is an order M -ideal in the Dedekind complete Banach lattice X, and let q : X → X/J be the canonical quotient map. Let Y be a separable and Dedekind complete Banach lattice, and let T : Y → X/J be a regular map with T r = 1. If Y has the λ-BPAP, then there exists L : Y → X such that q • L = T and L r ≤ λ.
Proof. To simplify the writing of the various estimates we will assume λ = 1, but the same argument works for any λ ≥ 1. Fix a dense sequence {y n } ∞ n=1 in the unit sphere of Y . We inductively define a sequence (G k ) of finite-dimensional vector sublattices of Y , positive maps S k : Y → G k and lattice isomorphisms onto their images j k : G k → G k+1 as follows. Let G 0 = {0} and S 0 = 0. Having defined G k , S k and j k−1 for an integer k ≥ 0 (with the convention j −1 = 0), use the 1-BPAP to find a finite-rank positive map R k+1 : Y → Y such that R k+1 ≤ 1 and
It should be noted that the BPAP only gives small operator norm, but we can obtain small regular norm by [Bla16, Lemma 2.4] as we did in the proof of Lemma 5.3. Consider the finite-dimensional subspace F k+1 = G k + R k+1 (Y ) + Ry k+1 , and apply Lemma 5.3 to find a sublattice Z k+1 of Y containing F k+1 , and a lattice homomorphic projection
Define j k : G k → G k+1 as the restriction of P k+1 to G k , and observe that
, and observe that S k+1 has finite rank, is positive, S k+1 < 1 + 2 −(k+1) and
, and assume we have defined such a map L k for a particular integer k ≥ 0. With the aim of applying Lemma 5.2, now consider (with the convention that anything with subindex −1 or 0 is taken to be zero) the subspace j k j k−1 (G k−1 ) of G k+1 and the maps
both of which have regular norm at most one. Now,
On the other hand,
where we have used that j −1
using (6.1), (6.2) and S k ≤ 2 we conclude
which, together with (6.3) and (6.4) implies
Notice that since ∞ k=1 2 −k converges, so does the infinite product
, and observe that C n converges to 1.
Fix a number n 0 ∈ N. Consider the sequence of operators
From (6.1) and (6.2), and observing that for
and by an analogous argument we get
and using (6.5), (6.6) and (6.1),
It therefore follows that
Moreover, the operatorsL k are "compatible" with the j k in the sense that for every k we havẽ
and (y k ) converges in Y , endowed with the supremum norm and the coordinatewise order; observe that this is a Banach lattice. For each n ∈ N, define A n = (y 1 , y 2 , . . . , y n−1 , y n , j n y n , j n+1 j n y n , j n+2 j n+1 j n y n , . . . ) : y j ∈ G j for 1 ≤ j ≤ n and observe that (A n ) ∞ n=1 is an increasing sequence of Banach sublattices of c(G k ).
Now define an operatorL :
. . ) because of the compatibility conditions above, and therefore
by Lemma 5.4 we have thatL extends to a regular operator from c(G k ) to c(X), which we will again denote byL, having regular norm at most one.
Let Q : c(X) → X be given by Q(x k ) k = lim k→∞ x k , which is a positive contraction. Define S : Y → c(G k ) by Sy = (S k y) k , and observe that it is a positive operator with norm
However, note that if we fix k 0 ∈ N the operator L does not change when we replace S by the map Y → c(G k ) k≥k 0 given by y → (S k y) k≥k 0 . Therefore for each k 0 ∈ N we have L r ≤ sup k≥k 0 S k , which implies L r ≤ 1.
Remark 6.2. In Theorem 6.1, since we are working with a Dedekind complete Banach lattice Y , requiring the BPAP is equivalent to requiring the bounded lattice approximation property (see [Bla16, Cor. 4 .3]).
7. Ando-Choi-Effros liftings for regular maps under Cartwright's property (C)
As already mentioned in the introduction there is a second version of the Ando-ChoiEffros theorem, where the domain of the map to be extended is assumed to be an L 1 -predual instead of having the BAP. Going through the proof (see, e.g. [HWW93, Thm. II.2.1]), it is easy to see that the key property of L 1 -preduals used in the argument is the fact that their biduals are injective Banach spaces. In the context of lattices, instead of L 1 -preduals the natural choice would be to consider lattices with Cartwright's property (C). Recall that a Banach lattice X has property (C) if whenever x 1 , x 2 , y ∈ X + and real numbers r 1 , r 2 satisfy
then there exist y 1 , y 2 ∈ X + such that y = y 1 + y 2 and x i + y i ≤ r i . Cartwright proved that a Banach lattice X has property (C) if and only if X * * is an injective Banach lattice [Car75] . We prove below a version of Theorem 6.1 where the Banach lattice Y is assumed to have property (C) instead of the λ-BPAP. This time our proof is inspired by [And75] rather than [CE77] , and the presentation borrows heavily from [HWW93] .
The following preparatory lemma is an adaptation of [HWW93, Lemma. II.2.4], and deals with the fundamental step of extending a lifting defined on a finite-dimensional lattice to a larger finite-dimensional lattice.
Lemma 7.1. Suppose that J is an order M -ideal in the Banach lattice X, and let q : X → X/J be the canonical quotient map. Let F ⊆ E be finite-dimensional Banach lattices, and let T : E → X/J be a regular map with T r = 1. Assume that J satisfies property (C). Then, given ε > 0 and a map L :
Proof. We start by defining
Using Proposition 4.1, it follows that
Let us now observe that W is an M -ideal in L r (E, X). By Theorem 3.4, if P : X * * → J ⊥⊥ is the order M -projection associated with J, thenP : S → P • S is an M -projection on L r (E, X * * ). The range ofP is obviously contained in W ⊥⊥ , and it is easy to see that the range is in fact all of W ⊥⊥ . Since W ⊥⊥ is weak * -closed, it follows from [HWW93, Cor. II.3.6] thatP is the adjoint of an L-projection and therefore W is an M -ideal in L r (E, X). Now let L 1 ∈ L r (E, X) be any extension of L such that q • L 1 = T this exists because E is finite-dimensional, and can be achieved by a completing-the-basis argument. Let B denote the unit ball of L r (E, X). We would like to prove that
In order to achieve it, we will consider L 1 as an element of L r (E, X * * ) ≡ L r (E, X) * * and we will show that
Recall that our assumption on J implies that J ⊥⊥ is an injective Banach lattice. Since every dual Banach lattice is Dedekind complete, by [Are84, Thm. 2.2] there exists an extension Λ : E → J ⊥⊥ of P L : F → J ⊥⊥ with Λ r ≤ 1 . Let us decompose L 1 as
First note that P L 1 − Λ ∈ V ⊥⊥ . Since ran(Id X * * − P ) ≡ (X/J) * * , and looking at the diagram
SinceP is an M -projection on L r (E, X * * ), and P Λ = Λ, it follows that
Note also that Λ and (Id X * * − P )L 1 both belong to L r (E, X * * ). Therefore,
giving (7.2). Now, from (7.1) there exist R ∈ B and S ∈ V such that
Note that L 2 is a lifting for T , since S ∈ V ⊂ W , but it is not guaranteed to have regular norm at most one: we only have L 2 r ≤ (1 + ε/2). We would like to perturb L 2 slightly to obtain a map that is still a lifting but whose regular norm is in fact at most 1. Now,
where we have used (7.1) in the last step of the first line, and [HWW93, Lemma II.2.5] in the last step of the second line. Thus there existsL ∈ L r (E, X) with L r ≤ 1, L − L 2 r ≤ ε andL − L 2 ∈ W . It follows thatL satisfies the desired conditions.
We are now ready to prove our second version of the Ando-Choi-Effros lifting theorem for regular maps. Proof. Once again fix a dense sequence {y n } ∞ n=1 in the unit sphere of Y . We inductively define a sequence (G k ) of finite-dimensional vector sublattices of Y and lattice isomorphisms onto their images j k : G k → G k+1 as follows. Let G 0 = {0}. Having defined G k and j k−1 for an integer k ≥ 0 (with the convention j −1 = 0), consider the finite-dimensional subspace F k+1 = G k + Ry k+1 , and apply Lemma 5.3 to find a sublattice Z k+1 of Y containing F k+1 , and a lattice homomorphic projection P k+1 : Z k+1 → Z k+1 onto a finite-dimensional vector sublattice G k+1 ⊂ Z k+1 such that (P k+1 − Id)| F k+1 < 2 −(k+1) and (P k+1 − Id)| G k r < 2 −(k+1) .
Define j k : G k → G k+1 as the restriction of P k+1 to G k , and observe that (6.1) holds again. Next, we construct inductively a sequence of maps L k : G k → X such that L k r ≤ 1 and q • L k = T | G k . Let L 0 = 0, and assume we have defined such a map L k for a particular integer k ≥ 0. Observe that
and therefore, using Lemma 5.2, there exists L k+1 :
. Now, by Lemma 7.1, there exists
, from where it follows (using j k ≤ 2)
Fix a number n 0 ∈ N, and consider the sequence of operators L k+1 j k · · · j n 0 +1 j n 0 k>n 0 in L r (G n 0 , X). It is easy to see from (7.4) that the sequence is Cauchy, and therefore it converges to a limitL n 0 ∈ L r (G n 0 , X). Moreover, the operatorsL k are "compatible" with the j k in the sense that for every k we haveL k =L k+1 j k . The rest of the proof continues in exactly the same way as in the proof of Theorem 6.1.
Remark 7.3. In Theorems 6.1 and 7.2, it would be desirable to have the lifting L be a positive operator when the initial map T is a positive operator. It is possible that the arguments above already prove such results, but we have been unable to verify it. In the case of Theorem 6.1 the key step would be to adapt 
